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We study the spectrum of a generalized Rabi model in which co- and counter-rotating terms have
different coupling strengths. It is also equivalent to the model of a two-dimensional electron gas in
a magnetic field with Rashba and Dresselhaus spin-orbit couplings. Like in case of the Rabi model,
the spectrum of our generalized Rabi model consists of the regular and the exceptional parts. The
latter is represented by the energy levels which cross at certain parameter values which we determine
explicitly. The wave functions of these exceptional states are given by finite order polynomials in
the Bargmann representation. The roots of these polynomials satisfy a Bethe ansatz equation of the
Gaudin type. At the exceptional points the model is therefore quasi-exactly solvable. An analytical
approximation is derived for the regular part of the spectrum in the weak- and strong-coupling
limits. In particular, in the strong-coupling limit the spectrum consists of two ladders of equidistant
levels.
PACS numbers: 42.50.Pq, 03.65.Ge, 03.65.Fd, 32.80.-t
I. INTRODUCTION
The Rabi model [1] is a fundamental model of light-
matter interaction. It describes a single-mode photonic
field interacting with a single two-level emitter,
HˆR = ωaˆ
†aˆ + ω0σˆz + g
(
aˆ + aˆ†
)
(σˆ+ + σˆ−) , (1)
where the bosonic operators aˆ, aˆ† describe the photons,
and σˆµ, µ = z,±, are the Pauli matrices describing a
two-level emitter. When the coupling strength g/ω is
small ∼ 10−2 and the near-resonance condition is sat-
isfied, ω ∼ 2ω0, it is legitimate to make the rotating
wave approximation (RWA) by neglecting the counter-
rotating terms aˆ σˆ− and aˆ†σˆ+. In this case, known as
the Jaynes-Cummings (JC) model [2], the operator of
the total number of excitations Nˆex = aˆ
†aˆ + σˆ+σˆ− is a
conserved quantity which ensures exact solvability of the
JC model. On the other hand, in the Rabi model the
only conserved quantity is the parity Πˆ = exp(iπNˆex).
The question of exact solvability of the Rabi model has
been debated for a long time, and the recent renewal of
interest to the subject [3], [4] has been motivated by the
rapid experimental progress in quantum optics. Several
regimes of the Rabi model (1) are usually distinguished
in the literature depending on the coupling strength or
the detuning ∆ = ω − 2ω0. In terms of the dimension-
less parameter η = g/ω these are: (i) the weak-coupling
regime, when the JC model is applicable, η ∼ 10−2; (ii)
the strong-coupling regime, 10−2 < η < 0.1; (iii) the
ultra-strong coupling regime, 0.1 < η < 1, and (iv) deep
strong-coupling regime η > 1. For sufficiently large de-
tuning so that |∆| ≫ 2ω0, the RWA breaks down even for
a relatively weak coupling. If couplings of the field and
the emitter to dissipative baths (γ and Γ, respectively)
are included, it is often assumed that the cooperativ-
ity factor ξ = g2/γΓ is large enough to ensure almost
coherent short time evolution. It is worth noting that
the standard weak-coupling master (Lindblad) equation
approach to dissipative dynamics in the strong-coupling
regime should be taken with caution [5]. Namely, the
reduced density matrix equation should be expressed in
terms of exact eigenstates of the isolated subsystem. This
calls for detailed studies of the spectrum in the different
limits (i)-(iv). Experimentally, the weak-coupling regime
is achieved in cavity QED setups [6], while the regimes up
to the ultra-strong coupling have been recently accessed
using circuit QED systems [7], [8].
The analytical solution of the Rabi model in terms
of transcendental functions has been found recently in
Ref. [3]. On the other hand, several analytical approxi-
mations are also available. Thus, uniformly approximate
results for energy levels valid in the whole range of param-
eters were found in [9]; also known are the approximation
based on the polaron-like transformation, which is valid
in the intermediate coupling (Bloch-Siegert) regime [10],
the adiabatic approximation valid in the strong-coupling
regime [11], and the deep strong-coupling approxima-
tion [12].
A complementary information on the spec-
trum of the Rabi model is provided by the
quasi-exact solutions (QES). Indeed, it was ob-
served [13], [14], [15], [16], [17], [18], [19] that the
spectrum of the Rabi model has both regular and
exceptional pieces. The exceptional parts of the spec-
trum are those whose wave functions are finite-order
polynomials in the Bargmann representation. The
energies of the exceptional solution are integer-valued
E = nω − g2/ω, where for every n there is a special
(polynomial) condition on the model parameters for
which this solution is valid. It was proven in [15] that
two neighboring levels cross on parallel straight lines
E = nω − g2/ω in parameter space. Moreover, for
2each n the number of such crossings is precisely n, and
there are no other crossings away from these lines. The
connection of exceptional solutions with the concept
of quasi-exact solvability (see [20] for an extensive
review and references) has been discussed in [18]. We
also note that in the quasi-classical regime the model
exhibits chaotic behavior, and the exceptional solutions
correspond to the isolated set of periodic orbits [21].
In this paper we study a generalized Rabi model
HˆgR =ωaˆ
†aˆ + ω0σˆz + g1
(
aˆ†σˆ− + aˆσˆ+
)
+ g2
(
aˆ†σˆ+ + aˆσˆ−
)
, (2)
which interpolates between the JC model (g2 = 0) and
the original Rabi model (g1 = g2). There are several
motivations to consider this model. First, as observed
in [22] it can be mapped onto the model describing a
two-dimensional electron gas with Rashba (αR ∼ g1)
and Dresselhaus (αD ∼ g2) spin-orbit couplings subject
to a perpendicular magnetic field (the Zeeman splitting
thereby equals 2ω0). The Rashba spin-orbit coupling can
be tuned by an applied electric field while the Zeeman
term is tuned by an applied magnetic field. This allows
us to explore the whole parameter space of the model.
Second, the model can directly emerge in quantum op-
tics in the context of cavity QED [23] beyond the dipole
approximation. For example in Ref. [24] a realization of
the generalized Rabi model (2) based on resonant Raman
transitions in an atom interacting with a high finesse op-
tical cavity mode is proposed.
Here we describe the exceptional solutions of the
model (2). As in the Rabi model we find exceptional
points corresponding to doubly-degenerate level crossings
in parameter space (ω, ω0, g1, g2). These degeneracies
(intersection points) form curves whose equations can be
determined from a set of algebraic conditions. The level
intersections occur only at integer values of the energy
E
ω +
g2
1
+g2
2
2ω2 , and no intersections are observed elsewhere.
We discuss several interesting links between the struc-
ture of the exceptional solutions and quasi-exact solv-
ability, and the Gaudin-type Bethe ansatz solvable mod-
els. Namely, the conditions that the parameters of the
generalized Rabi model need to satisfy such that the en-
ergy levels are doubly-degenerate, are given in terms of
Bethe ansatz equations that have the same form as those
of a reduced Richardson model from superconductivity
theory. The pairing interaction strength of the conduc-
tion electrons corresponds then to ω2/(2g1g2) from our
generalized Rabi model.
Moreover, we analyze the weak- and strong-coupling
limits of the regular spectrum. In particular, we show
that in the strong-coupling limit the spectrum consists
of two ladders of quasi-degenerate equidistant levels for a
small splitting of the two-level system, ω0 ≪ ω. Whereas
for ω0 ≫ ω the spectrum is similar to the one of the JC
model. We supplement our analytical study by compre-
hensive numerical calculations.
The paper is organized as follows. In Sec. II we present
the procedure of determining the exceptional part of the
spectrum of the generalized Rabi model (2). It is shown
that, as in the case of the Rabi model, the exceptional
part corresponds to doubly-degenerate level crossings for
which the associated eigenfunctions in Bargmann space
are polynomials of finite order. Further, we establish ex-
plicitly the conditions on the system parameters at which
these level crossings occur. We consider also the limits
where the exceptional solutions can be determined ana-
lytically. In Sec. III we discuss two limiting cases of the
regular part of the spectrum, namely a weak coupling
limit of either small g1 or small g2 and a strong coupling
limit for large values of both g1 and g2. Section IV con-
tains the conclusions of the present work.
II. EXCEPTIONAL SOLUTIONS FOR THE
GENERALIZED RABI HAMILTONIAN
A. Hamiltonian in Bargmann representation
To determine the exceptional solutions of the general-
ized Rabi model (2) we use the Bargmann representation
for the bosonic creation and annihilation operators in the
space of analytic functions in a complex variable z,
aˆ→ d
dz
, aˆ† → z. (3)
Then, after applying the transformation Hˆ = PˆHˆgRPˆ−1,
with
Pˆ =
(
− 12
√
g2√
g1
1
2
1
2
√
g2√
g1
1
2
)
, Pˆ−1 =
(
−
√
g1√
g2
√
g1√
g2
1 1
)
, (4)
the stationary Schro¨dinger equation Hˆψ = Eψ for the
two component wave function,
ψ(z) =
(
ψ1(z)
ψ2(z)
)
, (5)
becomes a system of two first-order linear differential
equations for the functions ψ1(z) and ψ2(z)
(z − ν) dψ1
dz
−
(
λ+
ν
z + e
)
ψ1 +
(
λ−
ν
z − δ
)
ψ2 = 0,
(6)
(z + ν)
dψ2
dz
+
(
λ+
ν
z − e
)
ψ2 −
(
λ−
ν
z + δ
)
ψ1 = 0,
(7)
where we introduced the dimensionless quantities
δ ≡ ω0
ω
, λ± ≡
1
2
(
g21 ± g22
)
ω2
, ν ≡
√
g1g2
ω
,
e ≡ E
ω
, ǫ ≡ e+ λ+. (8)
In analogy to the Rabi model [15] we study the analyt-
ical properties of the solutions ψ1(z) and ψ2(z) around
3the two singular points z = ±ν. To this end we expand
the solutions as power series about one of the singular
points z = ν:
ψi(z) = (z − ν)s
∞∑
n=0
c(i)n (z − ν)n, i = 1, 2. (9)
Inserting this expansion into Eqs. (6) and (7) yields the
so-called indicial equation
s(λ+ + e− s) = 0, (10)
for the possible values of s. We note that the same con-
dition is found for the singularity z = −ν. The first
solution s = 0 of Eq. (10) shows that we can always
find an analytic solution ψ(z) = (ψ1(z), ψ2(z))
T in a
neighborhood of the singularities z = ±ν. The second
solution s = λ+ + e implies that another linearly inde-
pendent analytic solution ψ˜(z) can occur and then the
energy level is doubly degenerate. But this second solu-
tion is only analytic if the energy satisfies e = n − λ+,
where n is a non-negative integer, and in this case is given
by ψ˜(z) = (ψ2(−z), ψ1(−z))T . The exact condition on
the other parameters for which these doubly degenerated
exceptional solutions appear will be determined in the
following. We will show that these solutions are polyno-
mials of finite order.
Differentiating Eq. (6) one more time and eliminating
ψ2(z) from Eq. (7) and ψ
′
2(z) from Eq. (6), we get a
second-order differential equation for ψ1(z). After some
transformations (see Appendix A) these equations can be
written as[
d2
dz2
+
(
3∑
s=1
νs
z − ρs + ν0
)
d
dz
+
D2(z)∏3
s=1(z − ρs)
]
χ(z) = 0,
(11)
where D2(z) =
∑2
s=0 dsz
s is a polynomial of degree 2
with coefficients given by
d0 = κ
(
δ2 − ǫ2 + 2ǫλ+ − λ2+ + λ+ + ν2 + ν4
)
+ ν
(
ǫ− λ+ − ν2
)
, (12)
d1 = e(e+ 1)− δ2 + δ λ+
λ−
+ νκ− ν2 − 2νǫκ− ν4, (13)
d2 = 2νǫ, (14)
and χ(z) = exp(νz)ψ1(z). The other constants in
Eq. (11) are
ρ1 = ν, ρ2 = −ν, ρ3 = κ, (15)
ν1 = −ǫ+ 1, ν2 = −ǫ, ν3 = −1, ν0 = −2ν, (16)
where we set
κ ≡ δν
λ−
=
2ω0
√
g1g2
g21 − g22
. (17)
Note that the differential equation (11) is more general
than the one corresponding to the usual Rabi model with
g1 = g2 = g, yet it also has a polynomial solution
χ(z) =
n∏
i=1
(z − zi) (18)
of degree n, if the coefficients dj satisfy certain rela-
tions. These were explicitly found [25] using the func-
tional Bethe ansatz method [26]. This method simply
consists in inserting χ(z) into Eq. (11) and then dividing
by χ(z). The resulting equation gives then rise to the
conditions that the coefficients dj need to satisfy such
that χ(z) is a valid solution of Eq. (11). In our case
these conditions read
d2 = 2νn, (19)
d1 = 2νZ1 − n
[
(n− 1) +
3∑
s=1
νs + 2ν
3∑
s=1
ρs
]
, (20)
d0 = 2νZ2 −
[
2(n− 1) +
3∑
s=1
νs + 2ν
3∑
s=1
ρs
]
Z1 + n(n− 1)
3∑
s=1
ρs + n

2ν 3∑
s<p
ρsρp +
3∑
s6=p6=q
νs(ρp + ρq)

 , (21)
where Zk =
∑n
i=1 z
k
i and zi are the roots of the Bethe
ansatz equations
n∑
j 6=i
2
zi − zj +
3∑
s=1
νs
zi − ρs + ν0 = 0, (22)
explicitly
n∑
j 6=i
2
zj − zi +
ǫ− 1
zi − ν +
ǫ
zi + ν
+
1
zi − κ + 2ν = 0, (23)
with i = 1, 2, . . . , n. Eqs. (14) and (19) yield the allowed
4energy spectrum,
ǫ = n, or E = ω(n− λ+). (24)
Substituting this into the second and the third condi-
tions, Eqs. (20), (21), gives
2νZ1 = λ
2
+ −
(
2n+ 1− κ
ν
)
λ+ −
(
δ2 + ν(ν − κ) + ν4) ,
(25)
2ν2Z2 = −λ2+ + (2n+ 1−
κ
ν
+ κ2 − ν2)λ+
+ (δ2 + ν(ν − κ) + κ2ν2 + 2nν2(ν2 + 1)), (26)
where λ+ =
√
δ2 ν
2
κ2 + ν
4, which comes from the identity
λ2+ − λ2− = ν4. A derivation of those formulas can be
found in Appendix B.
B. Analysis of the spectrum: exceptional case
The procedure for determining the locations of the ex-
ceptional solutions in the parameter space is now the
following: by fixing the number of nodes n of the eigen-
functions χ(z) and three out of the four parameters
(ω, ω0, g1, g2), we solve the Bethe ansatz equations (23)
according to the method proposed in [27] under the con-
ditions (24), (25) and (26). This yields a polynomial
equation for the remaining parameter. The solutions of
this polynomial equation provides us the values of the
remaining parameter for which the eigenfunctions χ(z)
are given by a polynomial of order n in the Bargmann
representation. A detailed explanation of this procedure
is presented in Appendix C.
The condition for an existence of polynomial solutions
implies that the two solutions ψ(z) and ψ˜(z) mentioned
after Eq. (10) are degenerate with the eigenenergies given
by (24). Away from these exceptional points these degen-
eracies are lifted.
The exceptional solutions correspond therefore to the
doubly-degenerate energy level crossings in parameter
space. We note that the polynomial solutions obtained
for the exceptional part of the spectrum can be related
to the generalized Heine-Stieltjes polynomials [28].
It is interesting to realize that the Bethe ansatz equa-
tions (23) have the same form as those for the reduced
BCS (Richardson) model having three degenerate lev-
els of energies ρ1,2,3 with degeneracies ν1,2,3 respectively.
This corresponding physical model is integrable and can
be derived from the generalized Gaudin models (see,
e.g., [29] for review). Interestingly, the energy of that
reduced BCS model is proportional to Z1 up to an addi-
tive constant. We would like to point out that there is no
known mapping between the two models. We therefore
understand this connection rather as a generic mathe-
matical structure behind Gaudin-type models and poly-
nomial solutions of the differential equations. This com-
mon structure is nothing else than the electrostatic anal-
ogy which has been discussed extensively in the litera-
ture, see e.g. [30] for the case of differential equations
and [29] for Gaudin-type models.
In general, the Bethe equations can be analyzed using
the mapping to the Riccati hierarchy [27]. The case of
κ2 = ν2 requires special attention. In this case δ = ±λ−
the Bethe ansatz equations are those of the degenerate
two-step model [31]. Namely, when δ = −λ− (so that κ =
−ν) the three roots ρ1,2,3 degenerate into two (namely to
±ν) and moreover, the polynomial D2(z) is factorized as
D2(z) = (z + ν)(2νǫz + d0/ν) which simplifies the differ-
ential and the Bethe ansatz equations. The correspond-
ing conditions are given in Ref. [25], Eqs. A.12-A.14 for
σ = 0.
One of the central results of this paper is that the con-
ditions determining the locations of the exceptional so-
lutions in parameter space are given through the Bethe
ansatz equations (23), which are the same as those of
the reduced BCS model. Those exceptional solutions oc-
cur only at ǫ = n, exactly where the energy levels cross.
The corresponding eigenstates are therefore doubly de-
generate and have no definite parity. They can be ex-
pressed as a product of a polynomial of finite order and
an exponential function in the Bargmann representation
ψ(z) ∝ e−νz∏ni=1(z − zi), where the zeros zi are given
by the roots of the Bethe ansatz equation (23).
Using numerical diagonalization we plot the spectrum
of the generalized Rabi model in Fig. 9 for a range of
coupling parameters. These calculations fully confirm
our expectations about the number and positions of ex-
ceptional points, the energy level crossings. Below (see
Sec. II B 1) we analyze several examples of the solution
in more detail.
The number of exceptional solutions for a given inte-
ger energy ǫ = n, is determined by the number of real
solutions of the polynomial equation obtained by solv-
ing the Bethe ansatz equations (23), pn(κ, ν, δ) = 0
(see Appendix C). In Fig. 1 we plot the number of ex-
ceptional solutions, Ncr, for the first eight integer en-
ergies n = 0, 1, . . . , 7 as a function of ω0 and for fixed
photon frequency ω = 1 and coupling g2 = 0.01. We
find that Ncr is always between n + 1 and 2n + 1. In
Sec. III A 2 we use a degenerate perturbation theory to
show that Ncr depends on the detuning |ω − 2ω0| and
that n+ 1 ≤ Ncr ≤ 2n+ 1.
1. Examples
Let us first consider ǫ = n = 0. In this case the
Bethe ansatz equations are degenerate, Z1 = Z2 = 0
and the two conditions Eq. (25) and Eq. (26) are sat-
isfied simultaneously as soon as κ = ν, that is when
λ− = δ. In Fig. 2 we plot the two lowest eigenen-
ergies ǫ of HˆgR/ω + (g
2
1 + g
2
2)/2ω
2 as a function of
g1 and g2. They cross precisely in the plane ǫ = 0
and on the curves λ− = δ (bold red line). In terms
of the original parameters these curves are given by
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FIG. 1: Number of energy level crossings, Ncr, for a given
integer energy n as a function of ω0 for ω = 1 and g2 = 0.01.
g21 − g22 = 2ωω0. The corresponding eigenstates are
|ψ0〉 = 1√2 (|ν〉|+〉 ± |−ν〉|−〉), so-called cat states [32],
where |ν〉 = exp(−ν2/2) exp(νaˆ†)|0〉 is a coherent state
with ν =
√
g1g2/ω and |±〉 are the eigenstates of σˆz.
PSfrag replacements
a
FIG. 2: Plot of the lowest two energies of HˆgR/ω shifted by
the constant (g21 + g
2
2)/(2ω
2), as a function of g1 and g2 for
ω = ω0 = 1. The energies were calculated by numerical diag-
onalization. The bosonic Hilbert space {|n〉} was truncated
by nmax = 200. The yellow plane corresponds to the lowest
energy level and the cyan plane to the energy of the first ex-
cited state. They cross exactly in the plane of ǫ = 0. The lines
on which these energy levels cross is given by g21 − g
2
2 = 2ωω0
(red line) as predicted by the quasi-exact solutions.
For ǫ = n = 1 the Bethe ansatz equations (23) can be
solved analytically
z1,± =
κν − ν2 − 1±
√
ν2(κ+ ν)2 + 1
2ν
. (27)
The locations of the exceptional solutions in parame-
ter space are obtained as follows. By inserting this
expression for the Bethe root z1,± into the two condi-
tions Eq. (25) and Eq. (26), we get a polynomial equa-
tion for the parameters κ, ν and δ, which we denote by
p1(κ, ν, δ) = 0. The real zeros of this equation determine
the positions of the exceptional solutions in parameter
space. The values of the original parameters are obtained
by inverting the expressions for κ, ν and δ:
g1 = ω
√
ν
κ
√
δ +
√
δ2 + κ2ν2, (28)
g2 = ω
√
κ
ν
ν2√
δ +
√
δ2 + κ2ν2
, (29)
ω0 = ωδ. (30)
We note that for a given energy level crossing only one of
the two possible Bethe roots z1,± yields a real solution to
the equation p1(κ, ν, δ) = 0, which we call z
∗
1 . The corre-
sponding eigenstates are as expected doubly degenerate
|ψ1〉 = 1√2 ((aˆ† − z∗1)|ν〉|+〉 ± (aˆ† + z∗1)|−ν〉|−〉).
For ǫ = n > 1 we have to solve the Bethe equa-
tions (23) numerically by the procedure described in Ap-
pendix C to obtain the positions of the energy level cross-
ings in parameter space. In Fig. 3 we computed the val-
ues of Z1 and Z2 for n = 5 and κ = 0.1 as a function
of ν. We find exactly 10 different solutions for Z1 and
Z2. Inserting each corresponding pair of Z1 and Z2 into
Eq. (25) and Eq. (26) yields a polynomial equation for
δ. The real zeros of this equation gives the values of δ at
which the energy levels cross on the line ǫ = 5.
æ
æ
æ
æ
æ
à
à
à
à
à
ì
ì
ì
ì
ì
ò
ò
ò
ò
ò
ô
ô
ô
ô
ôç
ç
ç ç
ç
á
á
á á á
í í
í í
í
ó ó ó ó
ó
õ õ õ
õ õ
-30
-20
-10
0
æ
æ
æ
æ
æ
à
à
à
à
à
ì
ì
ì
ì
ì
ò
ò
ò
ò
ò
ô
ô
ô
ô
ô
ç
ç
ç ç ç
á
á
á á á
í
í í í íó ó ó ó ó
õ õ õ õ õ
0.4 0.5 0.6 0.7 0.8
0
20
40
60
80
Z1
Z2
n=5, Κ=0.1
Ν
FIG. 3: Z1 =
∑n
i=1
zi and Z2 =
∑n
i=1
z2i as functions of
ν for n = 5 and κ = 0.1. Note that some lines are nearly
degenerate.
62. Limiting cases
For some limits the form of the curves corresponding
to exceptional solutions can be determined analytically.
Here we use results known for the reduced BCS (Richard-
son) model. First, we rescale the roots zj = νxj and
rewrite (23) as
n∑
j 6=i
2
xj − xi +
ǫ− 1
xi − 1 +
ǫ
xi + 1
+
1
xi − κν
+2ν2 = 0, (31)
known as the Richardson equations in the BCS context
gBCS = (2ν
2)−1. The BCS pair energy levels are given
by E1,2 = ±1 and the limit ν → 0 corresponds to the
strong-coupling limit in the sense of the BCS model. In
this case the structure of the roots {xj} for the Richard-
son ground state solution (for which all the Bethe roots
diverge) reads [33]
xj =
1
2ν2
yj +
1
2n
(κ
ν
− 1
)
+O(ν2), (32)
where yj are the roots of the associated Laguerre
polynomials L
(−1−2n)
n (y). Representing L
(α)
n (y) =
((−1)n/n!)∏nj=1(y − yj), one can derive the sum of the
roots
n∑
j=1
yj = −nν d
(n−1)
dy(n−1)
L(α)n (y)
∣∣∣
y=0
= nL
(α+n−1)
1 (0) = n(n+ α), (33)
as well as∑
j<k
yjyk = n(n− 1)(n+ α)(n+ α− 1)/2, (34)
n∑
j=1
y2j = n(n+ α)(2n+ α− 1). (35)
It follows then
Z1 =
−n(n+ 1)
2ν
+
ν
2
(
κ
ν
− 1), (36)
Z2 =
n(n+ 1)
2ν2
− n+ 1
2
(
κ
ν
− 1) + ν
2
4n
(
κ
ν
− 1)2. (37)
For the other solutions one must consider the various
combinations of diverging and non diverging roots. More
details are given in [34]. Interestingly, in the opposite
limit of weak-coupling gBCS → 0 the roots can be ex-
pressed in terms of the Laguerre polynomials (see the
Refs. [34] and [27]) and the analytical expressions for Z1,2
can also be found.
In Fig. 4 we illustrate the analytically calculated limit
ν → 0 of Z1 and Z2 (red line) compared with some nu-
merical values (blue dots) for n = 5 and κ = 0.1. This is
consistent with the ground state solutions of the Richard-
son equations.
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FIG. 4: Comparison of the analytical limit (red line) and
numerically calculated (blue dots) values of Z1 and Z2 for
n = 5, κ = 0.1 and ν → 0.
III. REGULAR SPECTRUM OF THE
GENERALIZED RABI HAMILTONIAN: LIMITS
Here we consider the two limiting cases for the regular
part of the spectrum: (i) the limit of either small g1 or
small g2, and (ii) the limit of both large g1 and g2. We
show that in the latter case the spectrum is a superposi-
tion of two quasi-degenerate harmonic ladders.
A. Limit of small g1 or small g2
Let us focus first on the case of small g2, g2 ≪
g1. In this limit we consider the counter-rotating part
Hˆg2 = g2(aˆ
† σˆ+ + aˆ σˆ−) as a perturbation to the Jaynes-
Cummings model Hˆ0 = ωaˆ
†aˆ + ω0σˆz + g1(aˆ† σˆ− + aˆ σˆ+).
For the unperturbed part Hˆ0 we know the eigenener-
gies [2]
E
(0)
n,k = ω
(
n+
1
2
)
+ (−1)kΩn, (38)
Ωn =
√(
ω0 − ω
2
)2
+ g21(n+ 1), (39)
7with k = 0, 1 and the eigenstates
|n, 0〉 = cos αn
2
|n,+〉+ sin αn
2
|n+ 1,−〉, (40)
|n, 1〉 = − sin αn
2
|n,+〉+ cos αn
2
|n+ 1,−〉, (41)
where
cosαn =
ω0 − ω2
Ωn
, sinαn =
g1
√
n+ 1
Ωn
. (42)
The bare basis states are defined by |n,±〉 = |n〉field ⊗
|±〉atom, the tensor product of the Fock states |n〉field
and the eigenstates of σˆz, σˆz|±〉atom = ±|±〉atom. The
eigenstates |n, k〉 are simultaneously the eigenstates of
the excitation number operator, Nˆex|n, k〉 = (n+1)|n, k〉.
The second order correction to E
(0)
n,k due to Hˆg2 reads
1
g22
E
(2)
n,0 = −
n+ 2
4Ωn
Ωn − ω0 + ω2 − (n+ 1)
g2
1
2ω
ω − Ωn − g
2
1
2ω
+
n
4Ωn
Ωn + ω0 − ω2 + (n+ 1)
g2
1
2ω
ω +Ωn +
g2
1
2ω
, (43)
1
g22
E
(2)
n,1 = −
n+ 2
4Ωn
Ωn + ω0 − ω2 + (n+ 1)
g2
1
2ω
ω +Ωn − g
2
1
2ω
+
n
4Ωn
Ωn − ω0 + ω2 − (n+ 1)
g2
1
2ω
ω − Ωn + g
2
1
2ω
. (44)
We note that the denominators in (43) and (44) can di-
verge. In the following we will show that these singular-
ities occur at the energy levels crossings of Hˆ0 for which
the eigenenergies E
(0)
n,k +
g2
1
+g2
2
2ω are half-integer-valued,
and that those singularities correspond to the avoided
level crossings in the spectrum of HˆgR/ω + λ+ at half-
integer energies.
Let us first consider the regime ω
√
2 > g1. In this
regime there are two singularities: 1a) ω = Ωn +
g2
1
2ω ,
which corresponds to the degeneracy of the levels
E
(0)
n,0 = E
(0)
n+2,1 = ω(n+
3
2
)− g
2
1
2ω
, (45)
or −2ω + Ωn + Ωn+2 = 0. The solution of this equation
is given by
g21
2ω
= ω

n+ 2−
√
(n+ 1)(n+ 3) +
(
1
2
− ω0
ω
)2 ,
(46)
for n = 0, 1, 2, . . ..
2a) ω = Ωn− g
2
1
2ω , which corresponds to the degeneracy
of the levels
E
(0)
n,1 = E
(0)
n−2,0 = ω(n−
1
2
)− g
2
1
2ω
, (47)
or 2ω −Ωn − Ωn−2 = 0. The solution of this equation is
given by
g21
2ω
= ω

n−
√
(n− 1)(n+ 1) +
(
1
2
− ω0
ω
)2 , (48)
for n = 2, 3, 4, . . ..
Second, we consider the regime ω
√
2 < g1. In this
regime there are also two singularities: 1b) ω = −Ωn +
g2
1
2ω , which corresponds to the degeneracy of the levels
E
(0)
n,1 = E
(0)
n+2,1 = ω(n+
3
2
)− g
2
1
2ω
, (49)
or −2ω − Ωn + Ωn+2 = 0. The solution of this equation
is given by
g21
2ω
= ω

n+ 2 +
√
(n+ 1)(n+ 3) +
(
1
2
− ω0
ω
)2 ,
(50)
for n = 0, 1, 2, . . ..
2b) ω = Ωn− g
2
1
2ω , which corresponds to the degeneracy
of the levels
E
(0)
n,1 = E
(0)
n−2,1 = ω(n−
1
2
)− g
2
1
2ω
, (51)
or 2ω −Ωn +Ωn−2 = 0. The solution of this equation is
given by
g21
2ω
= ω

n+
√
(n− 1)(n+ 1) +
(
1
2
− ω0
ω
)2 , (52)
for n = 2, 3, 4, . . ..
0) In addition, we consider the corrections to the level
E
(0)
−1,1 with the eigenstate |−1, 1〉 = |0,−〉. The second
order correction due to Hˆg2 reads
1
g2
E
(2)
−1,1 =
1
4
1
ω0 +
ω
2 −
g2
1
2ω
. (53)
Here the singularity can happen for Ω1 = ω0+
3
2ω, which
corresponds to the degeneracy of the levels
E
(0)
−1,1 = E
(0)
1,1 =
ω
2
− g
2
1
2ω
(54)
The solution of this equation is given by
g21
2ω
= ω0 +
ω
2
. (55)
1. Degenerate perturbation theory
At the degeneracy points 1a)-2b) and 0) of the unper-
turbed Hamiltonian Hˆ0, we need to use a degenerate per-
turbation theory to calculate the avoided level crossings
of HˆgR.
8In the case of 1a) the gap equals to
∆n,0;n+2,1 = 2 |〈n, 0|Hˆg2 |n+ 2, 1〉|
= 2g2
√
n+ 2 sin
αn
2
sin
αn+2
2
. (56)
The case 2a) is obtained by the shift n → n− 2. At the
degeneracy of 1b) the gap equals to
∆n,1;n+2,1 = 2 |〈n, 1|Hˆg2 |n+ 2, 1〉|
= 2g2
√
n+ 2 cos
αn
2
sin
αn+2
2
, (57)
and the case 2b) is again obtained by simply shifting
n → n − 2. For the crossing of E(0)−1,1 and E(0)1,1 , i.e. the
case 0), we have
∆−1,1;1,1 = 2 |〈−1, 1|Hˆg2 |1, 1〉|
= 2g2 sin
α1
2
. (58)
At these degeneracy points a meaningful approxima-
tion for the eigenenergies of HˆgR is given by
E
(±)
n,k =
E
(0)
n,k + E
(0)
n+2,1 ±
√
(E
(0)
n,k − E(0)n+2,1)2 +∆2n,k;n+2,1
2
,
(59)
where (n = −1, k = 1) corresponds to the case 0),
(n = 0, 1, . . . , k = 0) represents the case 1a) and
(n = 0, 1, . . . , k = 1) gives the case 1b).
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FIG. 5: The weak-coupling approximation given by Eq. (59)
for the spectrum of the generalized Rabi model (full lines)
compared with the numerical calculation of the spectrum
(dots) for g2 = 0.056 and ω = ω0 = 1. Note that we added the
constant λ+ =
g2
1
+g2
2
2ω2
to the Hamiltonian HˆgR/ω such that the
level crossings occur at integer values and the avoided level
crossings at half-integer values.
Other avoided level crossings can happen at E
(0)
n,k =
E
(0)
n+2p,1 and E
(0)
−1,1 = E
(0)
−1+2p,1, where k = 0, 1 and p > 1
is an integer. The corresponding gaps are ∆n,k;n+2p,1 ∼
O(gp2), since the corresponding eigenstates can only be
connected in the perturbation theory by an application
of Hˆg2 at least p times.
Let us consider p > 1. Then
Ωn+2p ± Ωn = 2 p ω (60)
and
Ω−1+2p = ω0 + ω(2p− 1
2
). (61)
Eq. (60) has the solution for the upper sign (k = 0) at
g21
2ω2
= n+ p+ 1−
√
(n+ 1)(n+ 2p+ 1) +
(
1
2
− ω0
ω
)2
,
(62)
E
(0)
n,0 = E
(0)
n+2p,1 = ω(n+ p+
1
2
)− g
2
1
2ω
, (63)
for ω
√
2p > g1. It is also important that the rhs of (62)
is greater or equal to zero, which implies
p2 ≥
(
1
2
− ω0
ω
)2
. (64)
The solutions for the lower sign (k = 1) takes place at
g21
2ω2
= n+ p+ 1 +
√
(n+ 1)(n+ 2p+ 1) +
(
1
2
− ω0
ω
)2
,
(65)
E
(0)
n,1 = E
(0)
n+2p,1 = ω(n+ p+
1
2
)− g
2
1
2ω
, (66)
for ω
√
2p < g1. Finally, Eq. (61) has the solution
g21
2ω
= ω0 + ω(p− 1
2
), (67)
E
(0)
−1,1 = E
(0)
−1+2p,1 = ω(p−
1
2
)− g
2
1
2ω
. (68)
2. Number of crossings and avoided crossings
So we have seen that the avoided level crossings always
happen at half-integer energies. By analogous consider-
ations one can show that the crossings always happen at
integer energies.
To find crossing points we need to solve the equations
E
(0)
n,k = E
(0)
n+2p−1,1 and E
(0)
−1,1 = E
(0)
−2+2p,1 for p > 1, which
is equivalent to solve the equations
Ωn+2p−1 ± Ωn = (2p− 1)ω (69)
Ω−2+2p = ω0 + ω(2p− 3
2
). (70)
9Eq. (69) has the solutions for the upper sign (k = 0)
at
g21
2ω2
= n+ p+
1
2
−
√
(n+ 1)(n+ 2p) +
(
1
2
− ω0
ω
)2
,
(71)
E
(0)
n,0 = E
(0)
n+2p−1,1 = ω(n+ p)−
g21
2ω
, (72)
for ω
√
2p− 1 > g1. It is also important that the rhs
of (71) is greater or equal to zero, which implies(
p− 1
2
)2
≥
(
1
2
− ω0
ω
)2
or p ≥ 1
2
+
∣∣∣∣12 − ω0ω
∣∣∣∣ .
(73)
The solution for the lower sign (k = 1) takes place at
g21
2ω2
= n+ p+
1
2
+
√
(n+ 1)(n+ 2p) +
(
1
2
− ω0
ω
)2
,
(74)
E
(0)
n,1 = E
(0)
n+2p−1,1 = ω(n+ p)−
g21
2ω
, (75)
for ω
√
2p− 1 < g1.
Eq. (70) has the solution
g21
2ω
= ω0 + ω(p− 1), (76)
E
(0)
−1,1 = E
(0)
−2+2p,1 = ω(p− 1)−
g21
2ω
. (77)
To count the number of energy level crossings at a
given integer N , we cast Eq. (72) to
E
(0)
N−p,0 +
g21
2ω
= E
(0)
N+p−1,1 +
g21
2ω
= ωN, (78)
with
1
2
+
∣∣∣∣12 − ω0ω
∣∣∣∣ ≤ p ≤ N, (79)
and Eq. (75) to
E
(0)
N−p,1 +
g21
2ω
= E
(0)
N+p−1,1 +
g21
2ω
= ωN, (80)
with
1 ≤ p ≤ N. (81)
In addition, there is always one intersection of the levels
E
(0)
−1,1 +
g21
2ω
= E
(0)
2N,1 +
g21
2ω
= ωN. (82)
Thus, the number of crossings depends on the value of
the detuning |ω − 2ω0|. Analogously, we find the number
of avoided level-crossings.
Finally, we would like to point out that the case of
g1 ≪ g2, can be reduced to the previous case by sim-
ply exchanging g1 ↔ g2 and flipping the sign of the
level splitting ω0 → −ω0 in all the formulas above,
since HˆgR(ω, ω0, g1, g2) = Tˆ
†HˆgR(ω,−ω0, g2, g1)Tˆ where
Tˆ = exp(ipi2 σˆy) exp(iπaˆ
†aˆ).
B. Strong-coupling limit
When the couplings g1 and g2 are both large we can
identify two limits. One limit corresponds to small ω0
the other to large ω0. In the former case the spectrum
consists of two quasi-degenerate harmonic ladders, in the
latter the spectrum is related to the solvable Jaynes-
Cummings model.
1. Small ω0 limit
In the strong-coupling limit, where both g1 and g2 are
large and ω0 is small, one can make use of the adiabatic
approximation [11]. The idea behind this approximation
for the Rabi model is to rotate the basis and to consider
the term ωaˆ†aˆ + gσˆx(aˆ + aˆ†) as a leading term which can
be easily diagonalized, while the term ω0σˆz is treated as
a perturbation. Generalizing this to our model we first
rotate the spin basis σˆx → σˆy, σˆy → σˆz , σˆz → σˆx and
write
HˆgR = ωaˆ
†aˆ + β(aˆ + aˆ†)σˆz + iλ(aˆ− aˆ†)σˆx + ω0σˆy , (83)
where β = (g1 + g2)/2 and λ = (g1 − g2)/2. In the adi-
abatic approximation the terms proportional to ω0 and
λ should be treated as a perturbation. Considering the
basis |σ〉 ⊗ |Nσ〉, where σ = ± and |N±〉 = Dˆ(∓β/ω)|N〉
with the Fock states |N〉 (N = 0, 1, 2, . . .) and the dis-
placement operator Dˆ(β/ω) = exp
(
(β/ω)(aˆ† − aˆ)), we
obtain the eigenvalue equation for the leading term[(
aˆ† ± β
ω
)(
aˆ± β
ω
)]
|φ±〉 ≡ Dˆ
(
∓β
ω
)
aˆ†aˆ Dˆ†
(
∓β
ω
)
|φ±〉
=
(
E
ω
+
β2
ω2
)
|φ±〉. (84)
In this basis the Hamiltonian approximately has a block
diagonal form with the Nth block given by
Hˆ
(N)
gR =
(
EN h−,+
h+,− EN
)
, (85)
where
h−,+ = −iω0〈N− |N+〉+ iλ〈N−|(aˆ− aˆ†)|N+〉, (86)
h+,− = iω0〈N+ |N−〉+ iλ〈N+|(aˆ − aˆ†)|N−〉, (87)
EN = ω(N − β2/ω2), (88)
provided the terms containing the overlaps 〈N± |M∓〉 for
N 6= M are neglected. The overlap of the two displaced
coherent states is
〈M− |N+〉 = e−2β
2/ω2
(
2β
ω
)N−M√
M !
N !
LN−MM
(
4β2
ω2
)
,
(89)
for M < N and
〈M− |N+〉 = e−2β
2/ω2
(−2β
ω
)M−N√
N !
M !
LM−NN
(
4β2
ω2
)
,
(90)
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for M ≥ N , while 〈M−|N+〉 = (−1)N−M 〈N−|M+〉 and
〈M+|N−〉 = (−1)M−N 〈M−|N+〉. The eigenenergies of
the perturbed system are
E±N = EN ±
∣∣ω0〈N− |N+〉 − λ〈N−|(aˆ− aˆ†)|N+〉∣∣ . (91)
To compute the necessary matrix elements we use the
identities
〈M− |N+〉 = 〈m|Dˆ(−2α)|n〉, (92)
〈M−|aˆ|N+〉 = 〈m|Dˆ(−α) aˆ Dˆ(−α)|n〉
= 〈m|Dˆ(−2α)Dˆ(α) aˆ Dˆ(−α)|n〉. (93)
It follows then
〈M−|aˆ|N+〉 = 〈m|Dˆ(−2α)(aˆ − α)|n〉
= 〈m|Dˆ(−2α)
(√
N |n− 1〉 − α|n〉
)
=
√
N〈M− |(N − 1)+〉 − α〈M− |N+〉 (94)
and
〈M−|aˆ†|N+〉 =
√
N + 1〈M− |(N + 1)+〉 − α〈M− |N+〉.
(95)
Thus we obtain the eigenenergies in the adiabatic ap-
proximation
E±N = EN ± e−2β
2/ω2
∣∣∣∣ω0L0N
(
4β2
ω2
)
+ λ
2β
ω
[
L1N−1
(
4β2
ω2
)
+ L1N
(
4β2
ω2
)]∣∣∣∣ . (96)
In the limiting case g1 = g2 = g this equation agrees
with the one obtained for the Rabi model in the limit of
large g [11]. A similar approximation scheme for the Rabi
model, using a “symmetrizied generalized RWA” [36],
also reproduces our result in the large g limit. We note
that the second term introduces an exponentially small
splitting when g1 and g2 are large and therefore the spec-
trum is a quasi-degenerate harmonic ladder. Fig. 6 il-
lustrates the good agreement between Eq. (96) and the
numerical results for ω0 ≪ ω and λ≪ 1.
2. Large ω0 limit
In this limit it is convenient to introduce the operators
Aˆ =
1
g−
(
g1aˆ + g2aˆ
†) , Aˆ† = 1
g−
(
g1aˆ
† + g2aˆ
)
, (97)
with g− ≡
√
g21 − g22 , such that [Aˆ, Aˆ†] = 1 holds. We
note that the operators Aˆ and Aˆ† are only well defined if
g1 > g2. The operator Aˆ
†Aˆ is diagonal in the squeezed
Fock states |n, r〉 = Sˆ(r)|n〉, where Sˆ(r) = exp(12r(aˆ†)2 −
1
2raˆ
2) and {|n〉} are the eigenstates of aˆ†aˆ. So we have
Aˆ = Sˆ aˆ Sˆ† = cosh(r)aˆ + sinh(r)aˆ† with tanh(r) = g2/g1
and Aˆ†Aˆ|n, r〉 = n|n, r〉, where n = 0, 1, 2, . . ..
Using the operators Aˆ and Aˆ† we can rewrite the
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-1
0
1
2
3
g1
Ε
Ω=1.0, Ω0=0.1, g2=3.1, nmax=150
FIG. 6: Comparison of the strong-coupling quasi-degenerate
harmonic ladder structure of energy spectrum as given by
Eq. (96) (solid lines) and numerical diagonalization (dots) of
HˆgR/ω +
g2
1
+g2
2
2ω2
.
Hamiltonian of the generalized Rabi model (2) as
HˆgR = Hˆ0 − ωg1g2
g2−
Hˆ′, (98)
where Hˆ0 = ωgAˆ
†Aˆ + ω0σˆz + g−(Aˆ†σˆ− + Aˆσˆ+) + ω
g2
2
g2
−
,
11
with ωg ≡ ω g
2
1
+g2
2
g2
1
−g2
2
and the perturbation is given by
Hˆ′ = Aˆ†Aˆ† + AˆAˆ. The Hamiltonian Hˆ0 has the same
form as the Jaynes-Cummings Hamiltonian apart from
the additional constant ω
g2
2
g2
−
, therefore its spectrum and
eigenstates are known [2]. From this it follows that the
spectrum of the generalized Rabi model in the first order
in Hˆ′ reads
E
(0)
n,± = ωg(n−
1
2
)± 1
2
√
(2ω0 + ωg)2 + 4n g2− + ω
g22
g2−
,
(99)
which is valid for small ω g1g2
g2
−
and large ω0.
0.0 0.5 1.0 1.5 2.0 2.5
-3
-2
-1
0
1
2
g1
Ε
Ω=1.0, Ω0=2.5, g2=0.1, nmax=150
FIG. 7: Comparison of the strong-coupling and large ω0 en-
ergy spectrum as given by Eq. (99) (solid lines) and numerical
diagonalization (dots) of HˆgR/ω +
g2
1
+g2
2
2ω2
. The perturbation
theory (99) clearly fails in the region where g1 ≈ g2 since then
the expression ω g1g2
g2
−
diverges. This can be seen in the plot
when g1 is equal to g2 = 0.1, then the solid lines diverge and
around this region the approximation (99) is not appropriate.
IV. DISCUSSION AND CONCLUSIONS
The connection between the polynomial solutions,
Bethe ansatz equations and quasi-exact solvability is well
known and has been discussed in the literature from dif-
ferent perspectives, see, e.g., [20, 25] and Refs. therein.
Noticing that
J+ = z2
d
dz
− nz, J− = d
dz
, J0 = z
d
dz
− n
2
,
(100)
is a differential realization of the (n+1)-dimensional rep-
resentation of the sl(2) algebra in the Bargmann space,
one can construct a bilinear combination of J±,0 whose
eigenstates are polynomials of the order n and smaller.
This leads to a second-order differential operator which
is called quasi-exactly solvable [20]. We illustrate this
construction on the simple case of κ = −ν of the general-
ized Rabi model. The differential operator acting on the
function χ(z) is (z2−ν2)d2z−(2ν(z2−ν2)+2nz−2ν)dz+
2νnz−A, where −A = (n− 2λ+)(n+1)− 2ν2 and dz ≡
d/dz. Using the operators J±,0 it can be represented as
J+J−−ν2J−J−+2νJ++2ν(ν2+1)J−−nJ0−A−n2/2
which has a quasi-exactly-solvable form. This predicts
the existence of the exceptional part of the spectrum in
the generalized Rabi model which has been studied in
this paper. In particular, we found that: (i) The excep-
tional part of the spectrum corresponds to the level cross-
ings; no level crossings occur outside of the exceptional
points. (ii) All level crossings occur at integer values
of energy ǫc = n; the number of crossings in parameter
space is always between n + 1 and 2n + 1. The wave
functions at these points have a polynomial structure in
Bargmann space. (iii) The avoided level crossings occur
at half-integer values of the energy, ǫac = n/2, at least
for g1 ≫ g2 (or g2 ≫ g1). (iv) In the strong-coupling
limit g1/ω ≫ 1 and g2/ω ≫ 1, the spectrum consist of
the two quasi-degenerate harmonic ladders.
The obtained results for the generalized Rabi model
can be used in several physical applications, namely for
the two-dimensional electron gas in a magnetic field with
Rashba and Dresselhaus spin-orbit couplings and for the
cavity and circuit QED systems.
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Appendix A: Derivation of Eq. (11)
In this Appendix we show how the system of two first-
order differential equations (7) and (6) can be reduced to
a single second order differential equation for ψ1(z). To
this end we differentiate Eq. (6) one more time and elim-
inate ψ2(z) from Eq. (7) and ψ
′
2(z) from Eq. (6). Thus,
we get a second order differential equation for ψ1(z). The
substitution
ψ1(z) = exp(−νz)χ(z), (A1)
yields the following differential equation for χ(z)
A3(z)χ
′′ +B3(z)χ′ + C2(z)χ = 0, (A2)
where the polynomials are
A3(z) =
3∑
j=0
anz
n, B3(z) =
3∑
j=0
bnz
n, C2(z) =
2∑
j=0
cnz
n,
(A3)
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with the corresponding coefficients given by
a0 = −ν2δ, a1 = νλ−,
a2 = δ, a3 = − 1
ν
λ−, (A4)
b0 = ν(δ − λ− + 2ν2δ), b1 =
(
δ − λ− − 2δǫ− 2ν2λ−
)
,
b2 =
2
ν
ǫλ− − 2νδ, b3 = 2λ−, (A5)
c0 = −
[
δ
(
δ2 − e2 + λ+
)
+ eλ−
]− ν2(δ − λ−)− ν4δ,
c1 =
1
ν
[
δ2λ− − δλ+ − e(e+ 1)λ−
]
− ν (δ − λ− − 2δǫ) + ν3λ−,
c2 = −2λ−ǫ. (A6)
It is convenient to rewrite Eq. (A2) as
[
d2
dz2
+
(
3∑
s=1
νs
z − ρs + ν0
)
d
dz
+
D2(z)∏3
s=1(z − ρs)
]
χ(z) = 0,
(A7)
where D2(z) =
∑2
s=0 dsz
s is a polynomial of degree 2
with the coefficients given by dj = cj/a3, ρj are the zeros
of A3(z) and we set
δν
λ
−
≡ κ:
d0 = κ
(
δ2 − ǫ2 + 2ǫλ+ − λ2+ + λ+ + ν2 + ν4
)
+ ν
(
ǫ− λ+ − ν2
)
, (A8)
d1 = e(e+ 1)− δ2 + δ λ+
λ−
+ νκ− ν2 − 2νǫκ− ν4, (A9)
d2 = 2νǫ, (A10)
ρ1 = ν, ρ2 = −ν, ρ3 = κ, (A11)
ν1 = −ǫ+ 1, ν2 = −ǫ, ν3 = −1, ν0 = −2ν. (A12)
Appendix B: Derivation of Eq. (25) and Eq. (26)
Note that we have the identities
3∑
s=1
ρs = κ,
3∑
s=1
νs = −2ǫ,
3∑
s<p
ρsρp = −ν2,
(B1)
3∑
s6=p6=q
νs(ρp + ρq) = −2ǫκ− ν + κ. (B2)
As already mentioned in the main text the first condition,
Eq. (19), d2 = 2νǫ = 2νn, provides us the allowed energy
spectrum,
ǫ = n, or E = ω(n− λ+). (B3)
Substituting this into the second and the third condi-
tions, Eqs. (20), (21), gives two quadratic equations for
λ+ and δ,
2νZ1 = λ
2
+ −
(
2n+ 1− κ
ν
)
λ+ −
(
δ2 + ν(ν − κ) + ν4) ,
(B4)
2ν2Z2 = −λ2+ + (2n+ 1−
κ
ν
+ κ2 − ν2)λ+
+ (δ2 + ν(ν − κ) + κ2ν2 + 2nν2(ν2 + 1)). (B5)
Using the identity λ2+−λ2− = ν4 and that λ− = δν/κ we
can express λ+ in terms of δ as λ+ =
√
δ2 ν
2
κ2 + ν
4.
Appendix C: Procedure for solving the Bethe ansatz
equations (23)
In this appendix we present in detail the procedure for
determining the values of the parameters ω, ω0, g1, g2
at which the eigenfunctions χ(z) are polynomials of finite
order. At those points the energy levels cross and the
eigenstates are doubly degenerated. As described in the
main text to determine those parameters we have to solve
the Bethe ansatz equations (23) regarding the conditions
given by Eqs. (25), (26) and ǫ = n.
Let us consider the Bethe ansatz equations
n∑
j 6=i
2
zj − zi +
ǫ − 1
zi − ν +
ǫ
zi + ν
+
1
zi − κ + 2ν = 0, (C1)
with i = 1, 2, . . . , n and where we have to fix ǫ = n.
These equations essentially correspond to the Bethe
ansatz equations which allow (through their solutions) to
define the eigenstates of a Reduced BCS (or Richardson)
Hamiltonian [37, 38]. In fact, by introducing the notation
ǫ1 = ν, ǫ2 = −ν, ǫ3 = κ and d1 = n− 1, d2 = n, d3 = 1
we can write the corresponding Richardson equations in
the form
ri :=
n∑
j 6=i
2
zj − zi +
3∑
j=1
dj
zi − ǫj + 2ν = 0. (C2)
Furthermore, it has been shown [27] that introducing the
change of variables
Λj =
1
2ν
n∑
k=1
1
ǫj − zk (C3)
the quadratic equation
(1− dj)Λ(1)j + Λ2j − Λj −
1
2ν
3∑
i6=j
di
Λi − Λj
ǫi − ǫj = 0 (C4)
13
together with its derivatives
E(l)j :=(1 −
dj
l + 1
)Λ
(l+1)
j +
l∑
k=0
(
l
k
)
Λ
(k)
j Λ
(l−k)
j
− Λ(l)j − l!
3∑
i6=j
di
(
1
(2ν)l+1
Λi − Λj
(ǫi − ǫj)l+1
−
l∑
m=1
1
(2ν)m
Λ
(l−m+1)
j
(l −m+ 1)!
1
(ǫi − ǫj)m
)
= 0 (C5)
for j = 1, 2, 3 and l = 1, . . . , dj − 1 form a closed system
of equations which is satisfied whenever the rapidities zk
satisfy the Richardson equations (C2).
Consider now Eq. (C2), by using the following relations
n∑
i=1
n∑
j 6=i
1
zi − zj = 0,
n∑
i=1
n∑
j 6=i
zi
zi − zj =
n(n− 1)
2
,
n∑
i=1
n∑
j 6=i
z2i
zi − zj = (n− 1)
n∑
i=1
zi (C6)
and by taking the sums
∑n
i=1 ri,
∑n
i=1 rizi,
∑n
i=1 z
2
i ri
we obtain
n−
3∑
l=1
dlΛl = 0,
− n(n− 1) + n
3∑
l=1
dl − 2ν
3∑
l=1
dlǫlΛl + 2νZ1 = 0,
− 2(n− 1)Z1 +
3∑
l=1
dlZ1 + n
3∑
l=1
dlǫl − 2ν
3∑
l=1
dlǫ
2
lΛl
+ 2νZ2 = 0. (C7)
To derive these equations we used the change of variables
introduced in Eq. (C3). Eq. (C7) is linear in the variables
Λ1,2,3 and can be readily solved, we find
Λ1 =
−n2(κ+ ν) + 2νn(κν − 1)− 2Z1
(
κν + ν2 − 1)+ 2νZ2
4ν2(κ+ ν)
,
Λ2 =
n2(ν − κ)− 2κν2n+ Z1(−2κν + 2ν2 + 2) + 2νZ2
4ν2(n− 1)(ν − κ) ,
Λ3 =
κn− 2ν3n− νn+ 2Z1 + 2νZ2
2κ2ν − 2ν3 . (C8)
Finally by solving Eq. (C4), with j = 1, for Λ
(1)
1 and
each successive derivative (Eq. (C5)) for Λ
(l)
1 (with l =
1, . . . , d1 − 1) and then replacing Z1 and Z2 by the ex-
pressions given in Eq. (25) and Eq. (26), we get at last a
polynomial equation as a function of the parameters κ, ν
and δ (since the first term containing the next derivative
will cancel due to the prefactor 1− d1/(d1 − 1+ 1) = 0).
Let us denote this equation by pn(κ, ν, δ). The zeros
of this polynomial equation, pn(κ, ν, δ) = 0, will at the
end determine the position of the energy level crossings.
This procedure can be used to determine the positions of
the crossings for all n > 1, for the specific case n = 1,
the Bethe ansatz equations (C1) can be easily solved
z
(±)
1 =
κν − ν2 − 1±
√
ν2(κ+ ν)2 + 1
2ν
. (C9)
It is clear that because of the particular form of ν and
κ as functions of g1 and g2
ν =
√
g1g2
ω
, κ =
2δω
√
g1g2
g21 − g22
, δ =
ω0
ω
, (C10)
a singularity will appear whenever we will be in the region
g1 ∼ g2. Therefore, the particular case g1 = g2 = g has
to be treated separately.
1. Rabi limit: g1 = g2 = g
In this case the corresponding Schro¨dinger equation
reads
A2(z)χ
′′(z) +B2(z)χ′(z) + C1(z)χ(z) = 0, (C11)
where
A2(z) = δ(z − ν)(z + ν), (C12)
B2(z) = δν(1 + 2ν
2) + δ(1 − 2ǫ)z − 2νδz2, (C13)
C1(z) = −δ(ν4 + ν2 + δ2 − e2 + λ+)− ( δ
ν
λ+)z. (C14)
By noticing that for g1 = g2 = g we have λ+ = ν
2 and
dividing the Schro¨dinger equation (C11) by A2(z) we get[
d2
dz2
+
(
1− ǫ
z − ν +
−ǫ
z + ν
− 2ν
)
d
dz
− 2ν
2(1 + ǫ) + δ2 − ǫ2 + 2ν(1− ǫ)z
(z − ν)(z + ν)
]
χ(z) = 0. (C15)
According to the Eqs. (A.12)-(A.15) in [25] this differen-
tial equation has a polynomial solution χ(z) =
∏n
i=1(z−
zi) of degree n if
−2ν(1− ǫ) = −n(−2ν), (C16)
−(2ν2(1 + ǫ) + δ2 − ǫ2) = 2νZ1 − n(n− 1)− n(1− 2ǫ),
(C17)
where Z1 =
∑n
i=1 zi and zi are given by the roots of the
following, now much simpler, Bethe ansatz equations
n∑
j 6=i
2
zj − zi +
ǫ− 1
zi − ν +
ǫ
z + ν
+ 2ν = 0. (C18)
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A similar procedure to determine the values of the pa-
rameters for which the eigenfunctions χ(z) are polyno-
mial, and where the energy levels cross, can once again
be applied. With the only difference that, because of the
missing term in Eq. (C18)
1
zi − κ → 0, (C19)
we will get a linear system of only two equations. This
is consistent since the condition for Z2 does not apply
anymore in this case. In view of Eq. (C16) and Eq. (C17),
we now have to satisfy the condition
2νZ1 = −2ν2(n+ 2)− δ2 + 1 (C20)
and we have to fix ǫ = n + 1 in Eq. (C18). Thus we
obtain
Λ1 =
2νZ1 + n
(
n+ 2 + 2ν2
)
4ν2n
,
Λ2 = −
2νZ1 + n
(
n+ 2− 2ν2)
4ν2(n+ 1)
. (C21)
In Fig. 8 we show the crossings of the energy levels in
the Rabi limit, g1 = g2 = g. The energy spectrum was
calculated numerically, by truncating the bosonic Hilbert
space at nmax = 200. The level crossings were obtained
using the method explained above and are indicated by
the black markers.
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FIG. 8: Plot of the energy spectrum of the Rabi model (g1 =
g2 = g) obtained by numerical diagonalization. The energy
level crossings are indicated by the black markers, which were
calculated using the method outlined in this Appendix.
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FIG. 9: Energy spectrum of the generalized Rabi model shifted by (g21 + g
2
2)/(2ω
2) as a function of the coupling g1 for a range
of couplings g2. Black markers at integer energies ǫ = n indicate the energy levels intersection points, where the model has an
exceptional spectrum. No other level crossings occur at different points. The level repulsion happens at the half-integer values
of energy.
